M.Sc. (Mathematics) (NEP Pattern) Semester-11
Major DSC-2 - Measure Theory
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Notes: 1.  Solve all five questions.
2. All questions carry equal marks.
1 a) If {A,} isacountable collection of set of real numbers, then prove that 8
m*(UA, ) <Zm*A,.
b)  Prove that the interval (a,0)is measurable. 8
OR
c) If {E,} isaninfinite decreasing sequence of measurable sets, such that mE; is finite, 8
then prove that m| () E; |= lim mE,.
i:]. n—oo
d) Letc be constant and f and g two measurable real-valued functions defined on the same 8
domain. Then prove that the functions f +c,cf,f +g, g—f and f g are also measurable.
2 a) Provethatif ¢ and y are two simple functions, which vanish outside a set of finite 8
measure then prove that J.(a¢+ by ) = aj¢+ bJ\u and if ¢ >y a.e., then show that
Joz[v.
b)  State and prove the Bounded convergence theorem. 8
OR
c)  State and prove Monotone convergence theorem. 8
d) Letfand g be integrable over E. Then prove that 8
i)  The function cf is integrable over E, and IE cf=c IEf .
i)  The function f+g is integrable over E, and IEf +g9= jEf +JE g.
i) If f<g ae., then jEf sjE g.
iv) If A and B are disjoint measurable sets contained in E, then [ f=[ f+[ f.
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b)

d)

Let f be an integrable function on [a, b], and if F(x) = I:f (t)dt+F(a) then prove that

F'(x) =f (x) foralmostall x in [a, b].
State and prove Vitali's lemma.
OR
Prove that a function F is an indefinite integral if and only if it is absolutely continuous.

If fis absolutely continuous on [a, b] and f'(x) =0 a.e., the prove that f is constant.

Prove that | [f+g| [y <|[f|[1 +[]g[l1-

Prove that the L” spaces are complete.
OR

State and prove Minkowski inequality for 0 <p < 1.

Prove that L™ is complete.

Prove that the set [0, 1] is not countable.

n
Let = Zaiin , with Ej N Ej=9¢ for i+ j. Suppose each set E; is a measurable set of
i=1

n
finite measure, then prove that J.d) = ZaimEi .

i=1
State and prove Jensen inequality.
Define:
i)  Complete space i)  Banach space
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