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Notes: 1.  Solve all five questions.
2. All questions carry equal marks.

UNIT -1

o0
For a given power series z ap (z —a)n define the number R, 0<R <0, by
n=0

%: lim sup|a, |%, then prove that

a) If |z—a|<R, the series converges absolutely.
b) If |[z—a|> R, the terms of the series become unbounded and so the series diverges;
c) If 0<r<R then the series converges uniformly on {z;|z|<r}.

B)  Letf&ghbeanalyticon G & Q respectively and suppose F(G)C Q. Then prove that g.f 8
is analytic on G and (g-f)'(z) =g'(f(z))f'(z) forall zin G.

OR

C) Letu & v be real valued functions defined on a region G and suppose that u & v have 8
continuous partial derivatives. Then prove that f :G — & defined by f(z) = u(z) + iv(z) is

analytic iff u & v satisfy the Cauchy-Riemann equations.

D)  If G is open and connected and f : G —« is differentiable with F'(z)=0 forall zin G, 8
then prove that F is constant.

UNIT — 11

2. A)  Let z4,25,23,24 be four distinct points in &, . Then prove that (zy,2,,23,24) is a real 8
number iff all four points lie on a circle.

B)  Letf:Goa be analytic & suppose B(a;r)=G(r>0). If y(t):a+reit,0$t32n,
f
then prove that f(z):i _[ de for|z—-al<y.

2mi wW-—2

OR
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C)

D)

B)

C)

D)

B)

Let f be analytic in B(a;R); then prove that f (z)= )" a, (z—a)n for |z—al< R where
n=0

ap = %f(n) (a) & this series has radius of convergence >R .
. - 1 dz .
If v:[0,1] >« is a closed rectifiable curve & a ¢ {y} then prove that o) 55 isan
=
integer.

UNIT -11

Let G be an open subset of the plane and F: G — ¢ an analytic function. If y is a closed
rectifiable curve in G such that n(y;w)=0 forallwin -G, thenforain G—{y}, prove

1 f(2)
that ; =— o
at n(y;a)f(a) o z—adz
Y
Show that
J. w dx :E
5 X

OR

Let G be a region and suppose that f is a nonconstant analytic function on G. Then prove
that for any open set U in G, F(U) is open.

Let F be meromorphic in G with poles py, po,........ Pm and zeros zj,zs,....... z,, counted
according to multiplicity. If y is a closed rectifiable curve in G with y =0 and not passing
through py,ps,....... Pm s 21,29,......,Z; then prove that
1 ¢ f'(2) N m
— dz= n(y;zy )— n(y;p;
2ni? 1(2) 2 n(rze) =X n(ripy)

k=1 j=1

UNIT - IV

Let G be aregion in ¢ and F an analytic function on G. Suppose there is a constant M such
that lim sup |f(z)|<M forall ain 6,,G . Then prove that | f(z)|<M forall Zin G.
Z—a

Let G be a simply connected region and let F be an analytic function on G. Suppose there
is an analytic function ¢:G — & which never vanishes and is bounded on G. If M is a

constant & 0.,G = AUB such that:
a) foreveryainA, limsup |f(z) |<M;
Z—a

b) foreverybinB,andn> 0, Iimbsup 1T(2)] |$(z)|" < M; then prove that |f(z)| <M
Z—>

forall Zin G.
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C)

D)

B)

C)

D)

OR

Prove that a differentiable function f on [a, b] is convex iff f* is increasing.

Let a 2%, G= {z argz|< 21} and suppose that for every win oG,
a
lim sup |f(z)| <M. More over, assume that for every 0>0 there is a constant P(which

Z—>W

may depend on §) such that | f(z)|<P exp(S |z |a) for Z in G and |z| sufficiently large.
Then prove that |f (z)|<M forall Zin G.

Find the radius of convergence for the power series i z"
n=0

Define :-

i)  Winding number

i)  Zero of analytic function

Define :-

i)  Isolated singularity

i) Removable singularity

State Schwarz’s Lemma
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