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Notes: 1.  Solve all five questions.
2. All questions carry equal marks.

UNIT -1
1. a) If EjandE, are measurable. Then prove that E; UE, is also measurable. 10
b)  Prove that the outer measure of an interval is its length. 10
OR

c) Prove that : Every Borel set is measurable. In particular, each open set and each closed set 10
is measurable.

d)  Prove that if E is a measurable set of finite measure, and (f,,) a sequence of measurable 10

functions defined on E. If f is a real valued function such that for each x in E,
f, (x) > f(x). Then given e>0and& >0, there is a measurable set A = E with mA <3

and an integer N such that for all x ¢ Aandalln > N,
[ (x)—F(x)|<e

UNIT -1l
2. a) State and prove the Bounded convergence theorem. 10
b)  Prove that, If f and g are non-negative measurable functions, then. 10
)} '[cf :cjf,c>0
E E
i) [f+g=[f+]g
E E E
i) If f<ga.e,then
iv) jf < _[g
E E
OR
c) Letfbeanonnegative function which is integrable over a set E. Then prove that given 10
e>0 there isa 3 >0 such that for every set A — Ewith mA < & we have jf <e.
A
d)  Show that if f is integrable over E, then so is [f|and 10

ifsim

Does the integrability of [f| imply that of f.
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b)

b)

d)

UNIT — 1
Prove that if f is integrable on [a, b], then the function F defined by

F(x):Tf(t)dt

is a continuous function of bounded variation on [a, b].

Let E be a set of finite outer measure and | a collection of intervals that cover E in the
sense of Vitali.

Then prove that, given >0, there is a finite disjoint collection {l;,1,,————1y} of

N
intervals in | such that m*{E ~J In}<e
n=1
OR

Prove that: If f is integrable on [a, b] and j:f (t)dt=0 forall x e[a,b], then f(t) =0 a. e.

in [a, b]

Prove that a function F is an indefinite integral if and only if it is absolutely continuous.
UNIT - IV

State and prove Minkowski Inequality for LP spaces with 1<P < oo,

Let a, b be nonnegative, 1<p < oo,1+1 =1.

P q
Establish Young’s inequality.

p q
absa—+b—
p q

OR
Prove that the LP spaces are complete.

Let g be an integrable function on [0, 1] and suppose that there is a constant M such that
g =Ml

For all bounded measurable functions f. Then prove that g is in L9, and ||g||q <M.
Prove that the set [0, 1] is not countable.

Show that if

0 xirrational
f(x)= )

1 xrational
then

b b
R_[a f(x)dx=b-a and R_[_af(x)dx:o

If f is of bounded variation on [a, b], then prove that
T2 =PP + Nl andf (b)—f(a)=PP —N©

Show that if f e LP,ge L, then f+geLPevenfor0O<p<1.
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