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 Notes : 1. Solve all five questions. 

 2. Each questions carry equal marks. 

 

 

  UNIT – I  

1. a) Let U, W be subspaces of a vector space V(F). Prove that U W is a subspace of V iff 

U W or W U  . 

 

6 

 b) Prove that intersection of two subspaces of a vector space is a subspace. 6 

  OR  

 c) Let 1 2 n, , ,  −−−−  be n vectors of a vector space ( )V F . 

Prove that  

i)     ( )1 2 n 1 1 2 2 n n i, , , v , , , , 0 F, i  −−− =     −−−−         

ii)    1 2 1 2 1 2, ,  =  −  +  

 

6 

 d) Let U, W be subspaces of an n – dimensional vector space V and dim U = dim W = n – 1, 

U W . Prove that ( )dim U W n 2.= −  

 

6 

  UNIT – II  

2. a) Let U and V be vector spaces over the same field F. Then prove that a function T: U V→

is linear iff  

( ) ( ) ( )T u T u T , , F andu, V + = +     . 

 

6 

 b) Let a mapping 2 2T : V V→  be defined by ( ) ( )T x, y x , y = , where x x cos ysin , = −   

y x sin ycos = +  . Show that T is a linear map. 

6 

  OR  

 c) Let T: U V→  be a linear map. Then prove that  

i) ( )R T is a subspace of V ii) ( )N T is a subspace of U 

 

6 

 d) Prove that a linear map 3 3T : V V→  defined by ( ) ( )1 1 2 2 2 3T e e e ,T e 2e e ,= − = +  

( )3 1 2 3T e e e e= + +  is neither 1 - 1 nor onto. 

 

6 

  UNIT – III  

3. a) If 1 2W and W  are subspaces of a finite dimensional vector space V.  

Show that ( ) ( ) ( )1 2 1 2A W W A W A W+ =  

 

6 

 b) If f and g are in V  the dual of a vector space V such that ( )f 0 =  implies ( )g 0 = , 

prove that g F for some F=   . 

6 

  OR  
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 c) Let U, V be finite dimensional complex vector spaces and A : U V,B: U V→ →  be linear 

maps. If C, then prove that  

i) ( )
* * *A B A B+ = +  ii) ( )

* *A A =   

 

6 

 d) For a finite dimensional vector space V, show that V  is a separating family. 

 

6 

  UNIT - IV  

4. a) Let V be an inner product space over F then prove that  

( )u, u    

 

6 

 b) In an inner product space V over F prove the parallelogram law 

( )2 2 2 2
u u 2 u+  + − = +  . Explain what this means geometrically in the special 

case ( )z
V F= , where F is the real field and where the inner product is the usual dot 

product. 

6 

  OR  

 c) Prove that W⊥  is a subspace of V. 
 

6 

 d) Using Gram – Schmidt process, show that orthonormalise the set of vectors 

( ) ( ) ( )  41,0,1,0 , 1,1,3,0 , 0,2,0,1 of V . 

 

6 

5.  Solve any six. 

a) Let V be a vector space over field F, then prove that  

 i) 0 0, F =   ii) 0 0, V =   
 

2 

  b) Define Linear independence. 
 

2 

  c) Show that 
2 2T : R R→ , defined by ( ) ( )T x, y x 1, y 2= + + , is not a linear map. 

 

2 

  d) If T be a linear map on 2V  defined by  

 ( ) ( )1 2 1 2 1 2T x ,x 2x 3x ,x x= + − . Show that T is one - one & onto. 

 

2 

  e) Let U and W be subspaces of V over F. Then prove that  

 ( ) ( )U W A W A U    

 

2 

  f) Prove that ( )A W  is a subspace of V. 

 

2 

  g) Let V be an inner product space over F. In V define the distance ( )d u,  from u to   

 by ( )d u, u = − . Prove that  

 i) ( ) ( )d u, 0 and d u, 0 u   =  =     

 ii) ( ) ( )d u, d ,u =   
 

2 

  h) Prove that  W W 0⊥ = . 

 

2 

  **********  

 


